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The physical systems of interest in this article are prestressable
assemblies composed of elastic tendons and rigid bodies such as ri-
gid bars. An example of such a system is a classical tensegrity
structure (see Juan and Tur, 2008; Sultan, 2009, for recent reviews).
The research presented herein was initiated as an investigation in
tensegrity structures mechanics but the theory thus developed
gradually grew to include a larger class of prestressable structures,
deﬁned in this article by the mechanical properties and modeling
assumptions.
In the ﬁrst part of the article two analytical formulations for the
tangent stiffness matrix are analyzed. The ﬁrst one is the conven-
tional formulation, very popular in structural engineering (see for
example Argyris and Scharpf, 1972), which uses the tendon lengths
expressed in terms of generalized coordinates and, correspond-
ingly, tendon forces. The tangent stiffness matrix is decomposed
in two terms: the material and geometric stiffness matrices. The
second formulation uses the tendon lengths squared expressed as
functions of generalized coordinates and tendon force density coef-
ﬁcients and also leads to the decomposition of the tangent stiffness
in two matrix terms. Both formulations are derived from the Hes-
sian of the potential elastic energy. Other authors, such as Guest
(2006) used the derivatives of the nodal equilibrium equations
with respect to the coordinates of the nodes to develop similar for-
mulations for pin-jointed prestressed structures composed of elas-
tic members. These results are extended herein by using tendonll rights reserved.rest-length formulas to clearly isolate the effect of tendon preten-
sion and by further investigating the relationships between these
formulations. Advantages of the second formulation with respect
to the conventional one in symbolic computations and analytical
manipulations are also revealed.
Next, the crucial problem of prestressable equilibrium conﬁgu-
rations stability is analyzed. Past research in this area focused on
the investigation of the condition that the tangent stiffness matrix
is positive deﬁnite. This condition, which guarantees a local mini-
mum of the potential elastic energy, is widely used in structural
mechanics as the stability criterion of equilibrium conﬁgurations.
Decomposition of the tangent stiffness matrix in two terms as de-
scribed previously has often been used to study the positive deﬁ-
niteness of this matrix. For example, Volokh and Vilnay, 2000
and Volokh, 2003 used the decomposition idea to investigate the
positive deﬁniteness of the tangent stiffness matrix of pin-bar
assemblies and tensegrity structures. Ohsaki and Zhang (2006) for-
mulated a sufﬁcient condition for the positive deﬁniteness of the
tangent stiffness matrix of tensegrity structures using the eigen-
values and eigenvectors of the matrices it is decomposed into,
and later (Zhang and Ohsaki, 2007) established a necessary condi-
tion, while also making the connection with similar results origi-
nated from the structural rigidity theory (e.g. Connelly, 1982).
Zhang et al. (2009, 2010) combined the decomposition idea with
symmetry properties of certain tensegrity structures to analyze
the positive deﬁniteness of the tangent stiffness matrix as well as
closely related stability concepts, like superstability and prestress
stability. These stability concepts have been introduced by struc-
tural rigidity researchers, who also used extensively the decompo-
sition of the tangent stiffness matrix in two terms in their work on
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Whiteley, 1996; Connelly and Back, 1998; Connelly, 1999).
Positive deﬁniteness of the tangent stiffness matrix guarantees
that, when displaced from equilibrium, the structure has the initial
tendency to go back to that equilibrium (effectively, forces that tend
to restore the undisturbed equilibrium are developed). Analysis of
the tangent stiffness matrix for stability is basically a statics study
(hence the static stability termsometimesused) and, by itself, cannot
provide information related to thedynamic response, i.e. the ensuing
behavior of the structure. In otherwords, it cannot provide informa-
tion about the quality of the initial conditions response and cannot
be used to classify the stability as exponential, asymptotical or sim-
ple, as it is oftennecessary in dynamics and control studies (the term
dynamic stability is sometimes used). This classiﬁcation, which gen-
erally requiresmore information than stiffness related, such as iner-
tial and damping properties, is investigated in this article.
Speciﬁcally, the question of when prestressable conﬁgurations are
exponentially stable is addressed. Exponential stability of such con-
ﬁgurations is important for many purposes, ranging from fast decay
of the transitory response to efﬁcient deployment procedures (Sul-
tan and Skelton, 2003A;Masic and Skelton, 2005). Previous research
in this area is very limited.Usinga simpliﬁedmodel for thedynamics
of a certain tensegrity structureOppenheim andWilliams (2001A,B)
showed that, if only the tendons are affected by linear damping,
along motions associated with a mechanism the decay rate of the
system’s energy is lower than the exponential rate characteristic
to a linearly damped system. They also showed that linear kinetic
friction at the joints is more effective in dissipating the energy of
the structure, resulting in an exponential rate of decay. Using more
sophisticated models and linearization Sultan et al. (2002), Sultan
(2009) indicated numerically that some tensegrity prestressable
conﬁgurations are exponentially stable under linear kinetic damp-
ing at the joints or in the tendons (note that for linear systems
asymptotic stability and exponential stability are equivalent).
This article addresses theoretically the issue of exponential sta-
bility while connecting it with the tangent stiffness matrix decom-
position. Speciﬁcally, several theorems and corollaries are proved
for necessary and sufﬁcient conditions for exponential stability of
prestressable conﬁgurations assuming linearly kinetic damped
tendons. These conditions are expressed using both formulations
of the tangent stiffness matrix previously described. Importantly,
all conditions eliminate the need for the damping matrix. Some
conditions can be applied without complete knowledge of the nat-
ural frequencies, the material properties of the structure, or the en-
tire tangent stiffness matrix. Other conditions even eliminate the
need to know the level of pretension in the structure. Furthermore,
some conditions have interesting dynamic and kinematic interpre-
tations, involving natural modes and mechanisms. All the tests
proved herein are thus much easier to apply than the traditional
test which requires computation of the eigenvalues of the ﬁrst or-
der linearized system matrix. Computation of these eigenvalues
generally requires complete information of the damping, material
properties, and the entire tangent stiffness matrix. It is also well
known that the ﬁrst order system’s matrix can be ill-conditioned
in some cases (see for example Laub and Arnold, 1984). This matrix
is also larger than the matrices used in some of the tests proved
herein and it is not symmetric, thus making application of the tra-
ditional test expensive and less reliable, especially for large struc-
tures. These assertions are supported by several examples, some
simple enough to allow analytical veriﬁcation/computation by
hand, others sufﬁciently complex to illustrate the advantages of
the proposed tests for large dimensional systems. Lastly, it is also
showed via examples that the simplest and easiest to check condi-
tions for exponential stability use the second formulation of the
tangent stiffness matrix, thus revealing another important advan-
tage of this formulation.2. Mechanics
2.1. Modeling assumptions
The mass of any tendon is negligible compared to the mass of
any rigid member. Thus the system can be modeled as a set of rigid
bodies placed in the potential elastic ﬁeld of the elastic andmassless
tendons. The elastic force in a tendon is considered positive if the
tendon is elongated. When this force becomes zero, the tendon is
slack and it exerts no force, of any nature, on the nodes it is con-
nected to. Each tendon is affected by linear kinetic damping, i.e.
the magnitude of the damping force in tendon j, Dj, is
Dj ¼ djj_ljj ð1Þ
where dj > 0 is the damping coefﬁcient of the tendon and _lj the
derivative of its length with respect to time. Thus, if the tendon is
in tension, in addition to the elastic forces, it exerts forces of mag-
nitude Dj on each of the nodes. These damping forces pull the nodes
together if the tendon is expanding (_lj > 0) and push them apart if it
is contracting (_lj < 0). Any other effects (e.g. friction at the joints,
gravity, etc.) are ignored and the system is holonomic and
scleronomic.
2.2. Nonlinear equations of motion
Let N be the system’s number of degrees of freedom, q a N  1
vector of independent generalized coordinates and E the number
of elastic tendons. (Note: independent generalized coordinates exist
because the system is holonomic). The Lagrangian formalism leads
to N ordinary differential equations (ODEs),
MðqÞ€qþ cðq; _qÞ þ AðqÞDATðqÞ _qþ AðqÞTðqÞ ¼ 0 ð2Þ
which describe the dynamics of the system. Here M(q) is the mass
matrix, cðq; _qÞ is a term which is quadratic in generalized veloci-
ties, _qi, A(q) is a matrix whose elements are given by Aij ¼ @lj
@qi
,
where lj is the length of the j-th tendon, D ¼ Diag½dj, T(q) is the
vector of tendon elastic forces (tensions) which depend on tendon
rest-lengths, rj, j = 1, . . . ,E (see Sultan, 2009 for more details). Eqs.
(2) are valid for general dependencies of the tendon tensions on
their elongations and can be easily extended to include more gen-
eral dependencies of the tendon damping forces. When a tendon’s
elongation becomes zero, the force in that tendon becomes zero,
leading to a different topology of the structure. Switching between
topologies is of no interest to this article so all of the tendons are
assumed in tension.
2.3. Prestressability and mechanisms
Let q0 be an equilibrium conﬁguration. The corresponding
mathematical conditions are
A0T0 ¼ 0; T0j > 0; j ¼ 1; . . . ; E ð3Þ
where A0 ¼ Aðq0Þ; T0 ¼ Tðq0Þ. Importantly, a necessary condition
for (3) to have solutions is that the kernel of A0 is nonzero (i.e.
rankðA0Þ < E). Let Tn be a matrix whose columns represent an ortho-
normal basis for the kernel of A0. Then
T0 ¼ TnP; P ¼ ½ P1 P2 . . . PsT ð4Þ
where P1, . . . ,Ps are real scalars called pretension coefﬁcients. If the
pretension coefﬁcients can be selected to ensure that all tendons
are in tension, i.e. T0j > 0; j ¼ 1; . . . ; E, the structure can be pre-
stressed, thus the denomination prestressable (or prestressed) con-
ﬁgurations used for solutions of (3) (Sultan et al., 2001). Since
multiple positive solutions for T0j can be obtained using different
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conﬁguration, the structure is statically indeterminate. Note that if
there is only one pretension state, i.e. s = 1, the condition that the
tendons are in tension requires that Tnj have the same sign. If this
is the case, these can all be selected positive, i.e.
Tnj > 0; j ¼ 1; . . . ; E, and thus P ¼ P1 > 0.
The tendon rest-lengths required to achieve a prestressable
conﬁguration can be computed using the relationship between
tendon tensions and elongations. For example, if the tendons are
linearly elastic, i.e. Tj ¼ kj lj=rj  1
 
for lj P rj, these rest-lengths
are
rj ¼ kjlj0
TTnjP þ kj
; j ¼ 1; . . . ; E ð5Þ
where kj ¼ SjEj, with Sj the cross section area and Ej Young’s modu-
lus of elasticity for tendon j, lj0 ¼ ljðq0Þ, and TTnj the j-th row of Tn.
Assume that the kernel of AT0 is nonzero (i.e. rankðA0Þ < N) and
let dq ¼ ½ dq1    dqN T be a nonzero inﬁnitesimal displacement
of the generalized coordinates that belongs to this kernel. Then, be-
cause A0ij ¼
@lj
@qi
ðq0Þ, in the ﬁrst approximation the corresponding
tendon lengths do not change:
AT0dq ¼ 0() dqTA0 ¼ 0() dlj ¼
XN
i¼1
@lj
@qi
ðq0Þdqi ¼ 0;
8j ¼ 1; . . . ; E ð6Þ
Here dlj is the variation of the j-th tendon length due to dq. In
the following, dq will be referred to as a mechanism. Of course this
analysis only indicates that the mechanism is inﬁnitesimal. Classiﬁ-
cation of mechanisms as inﬁnitesimal of a certain order, including
ﬁnite mechanisms and rigid body mechanisms, which requires fur-
ther analysis (see Calladine and Pellegrino, 1991; Vassart et al.,
2000, and the references therein), is not necessary for the results
presented herein.
Consider now the force density coefﬁcients deﬁned as T^ j ¼ Tj=lj.
Using T^ ¼ ½ T^1    T^E T and
A^ðqÞ ¼
@l21
@q1
@l22
@q1
   @l
2
E
@q1
@l21
@q2
@l22
@q2
   @l
2
E
@q2           
@l21
@qN
@l22
@qN
   @l
2
E
@qN
2
66666666664
3
77777777775
¼ 2AðqÞDiag½lj ð7Þ
one easily ﬁnds that AðqÞTðqÞ ¼ 12 A^ðqÞT^ðqÞ. Then, solving (3) is
equivalent to solving
A^0T^0 ¼ 0; T^0j > 0; j ¼ 1; . . . ; E ð8Þ
where A^0 ¼ A^ðq0Þ; T^0 ¼ T^ðq0Þ. Correspondingly, (4) and (5) are re-
placed by
T^0 ¼ T^nP^; P^ ¼ ½ P^1 P^2 . . . P^sT ð9Þrj ¼ kjlj0
T^TnjP^ þ kj
; j ¼ 1; . . . ; E ð10Þ
where the columns of T^n represent an orthonormal basis for the ker-
nel of A^0. Since A^0 ¼ 2A0Diag½lj0 and lj0–0; j ¼ 1; . . . ; E, the kernel of
A^T0 is identical to that of A
T
0, so the mechanisms can be computed
using A^0. As it will be showed later, (8)-(10) provide substantial
advantages for computation.2.4. Linearized dynamics
Linearization of (2) around a prestressable conﬁguration, q0,
leads to
M0€~qþ A0DAT0 _~qþ K0~q ¼ 0 ð11Þ
where ~q ¼ q q0,M0 ¼ Mðq0Þ, and K0 is the tangent stiffness matrix
at q0. Since D > 0, the damping matrix, A0DA
T
0, is positive deﬁnite on
the vector space of N dimensional real vectors, excluding the sub-
space generated by the mechanisms. The tangent stiffness matrix,
K0, which is crucial for stability analysis, is analyzed next.
3. Analytical formulations for the tangent stiffness matrix
3.1. Conventional formulation
The tangent stiffness matrix, K0, is the Hessian of the potential
elastic energy at q0 and can be computed as
K0 ¼ @ðATÞ
@q1
   @ðATÞ
@qN
 
0
ð12Þ
where ‘‘0’’ indicates that the matrix on the right is evaluated at q0.
Some algebra (see Appendix A) yields
K0 ¼ Km þ Kg ð13Þ
where Km is called the ‘‘material stiffness matrix’’ and Kg the ‘‘geo-
metric stiffness matrix’’. This well known decomposition of the tan-
gent stiffness matrix (see for example Guest, 2006, and the
discussion and references therein) as a sum of the material and geo-
metric stiffness will be referred to as ‘‘the conventional formula-
tion’’. The following formulas for Km and Kg are obtained (see
Appendix A):
Km ¼ A0G0AT0; Kg ¼
@A
@q1
   @A
@qN
 
0
Diag½T0 ð14Þ
where Diag½T0 is a block matrix of size NE N which has the vector
T0 on its main diagonal and zero anywhere else, i.e.
Diag½T0 ¼
T0 0    0
0 T0    0
           
0 0    T0
2
6664
3
7775 ð15Þ
@A
@qi
¼
@2l1
@qi@q1
@2lE
@qi@q1        
@2l1
@qi@qN
@2lE
@qi@qN
2
66664
3
77775 ð16Þ
and
G0 ¼ Diag @Tj
@lj
 
0
; j ¼ 1; . . . ; E ð17Þ
where
@Tj
@lj
is the axial stiffness of tendon j, considered positive in
this article, therefore G0 > 0. Clearly, for linearly elastic tendons,
@Tj
@lj
¼ kj
rj
.
Using (4) for T0, matrices K0 and Kg can be further expressed as
K0 ¼ A0G0AT0 þ Kg ð18Þ
Kg ¼
Xs
i¼1
PiKPi where KPi ¼
@A
@q1
   @A
@qN
 
0
Diag½Tni  ð19Þ
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is a block matrix of size NE N with Tni on the main diagonal and
zero anywhere else.
3.2. Force density formulation
Using the force density coefﬁcients and (9) another formulation
of K0 is obtained (see Appendix A):
K0 ¼ K^m þ K^g ð20Þ
which will be referred to as the ‘‘force density formulation’’. Here,
K^m ¼ 14 A^0G^0A^
T
0; K^g ¼
1
2
@A^
@q1
   @A^
@qN
" #
0
Diag½T^0 ð21Þ
where Diag½T^0 is a block-matrix of size NE N which has T^0 on its
main diagonal and zero anywhere else,
@A^
@qi
¼
@2l21
@qi@q1
@2l2E
@qi@q1
        
@2l21
@qi@qN
@2l2E
@qi@qN
2
666664
3
777775 ð22Þ
and
G^0 ¼ Diag 1lj0
@T^ j
@lj
" #
0
; j ¼ 1; . . . ; E ð23Þ
The diagonal elements of G^0 are the modiﬁed axial stiffnesses of
the tendons (Guest, 2006). Like axial stifnesses, these are consid-
ered positive herein, i.e. G^0 > 0. Using (17) and (23) the following
relationship between G0 and G^0 is obtained:
G^0 ¼ G0 Diag l210    l2E0
h i
 Diag T10
l310
   TE0
l3E0
 
ð24Þ
Guest (2006) developed similar formulas for the decomposition
of the tangent stiffness matrix in two terms (i.e. (13) and (20)) for
prestressed structures with elastic members, using derivatives of
the equilibrium equations with respect to coordinates of the nodes.
This article further elaborates on these decompositions and ex-
ploits the dependency between tendon forces and elongations,
revealing multiple advantages for the formulation that uses force
densities.
If (9) is used for T^0, K^g is expressed using the pretension coefﬁ-
cients corresponding to force densities:
K^g ¼
Xs
i¼1
P^iK^Pi ð25Þ
where
K^Pi ¼
1
2
@A^
@q1
   @A^
@qN
" #
0
Diag½T^ni  ð26Þ
Here T^ni are the columns of matrix T^n and Diag½T^ni  is the block-
diagonal matrix of size NE N which has T^ni on the main diagonal
and zero anywhere else.
The force density formulation has several advantages. First, for
the computation of A^ and
@A^
@qj
, required for K^m, K^g , K^Pi , derivatives of
squares of the tendon length functions are used (see (7), (21), (22),
(26)), whereas the conventional formulation uses derivatives of
tendon lengths (see (14) and the deﬁnition of matrix A), which
are generally expressed as square roots of functions of the general-
ized coordinates, qi. Because in the force density formulation tak-
ing derivatives of these square root functions is avoided, thisformulation is more amenable to analytical and symbolical compu-
tations. It leads to simpler formulas and is more robust in numer-
ical computations than the conventional formulation, which
requires derivatives involving square root functions. These facts
will become clear through some examples.
For the next advantage assume linearly elastic tendons,
Tj ¼ kj lj=rj  1
 
for lj P rj. Then:
G^0 ¼ Diag kj
l3j0
" #
; j ¼ 1; . . . ; E ð27Þ
which shows that G^0 is not a function of pretension and, conse-
quently, K^m ¼ 14 A^0G^0A^T0 does not depend on pretension. Thus, in the
force density formulation K0 is separated in pretension independent,
i.e. K^m, and pretension dependent, i.e. K^g , terms. This is not the case in
the conventional formulation (13) becauseG0 is a function of preten-
sion. Indeed, for linearly elastic tendons, from (5) one obtains
G0 ¼ Diag kjrj
 
¼ Diag T
T
njP þ kj
lj0
" #
; j ¼ 1; . . . ; E ð28Þ
and thus both Km ¼ A0G0AT0 and Kg ¼
@A
@q1
   @A
@qN
 
0
Diag½T0 are
pretension dependent.
An advantage of the force density formulation provided by the
separation of K0 in pretension independent and dependent terms
is revealed by the analysis of the conditions when K0 is positive def-
inite. Using the conventional formulation, from (18) a sufﬁcient con-
dition for K0 > 0 is obtained as Kg > 0. Note that Km ¼ A0G0AT0 P 0
because G0 > 0. However, because both Km and Kg are pretension
dependent, this condition is too conservative. Example 4.1will show
that K0 can be positive deﬁnite even if Kg is not. On the other hand,
from the force density formulation, because pretension is isolated in
K^g , a less conservative condition is obtained as K^g > 0 (recall that
K^m ¼ 14 A^0G^0A^T0 P 0 because G^0 > 0).Moreover, if there is onepreten-
sion state, i.e. K^g ¼ P^K^P , and K^P has negative eigenvalues, then for
sufﬁciently large values of P^ the tangent stiffness matrix will have
negative eigenvalues (see Example 4.3). This is clearly not the case
with KP , as Example 4.1 will show: KP may have a negative eigen-
value however K0 > 0 for all P > 0. Of course, in practice one must
check that the value of pretension which leads to negative eigen-
values of K0 does not exceed the limit for which the linearly elastic
assumption on tendons holds.
Other major advantages of the force density formulation will be
revealed by the analysis of the conditions for exponential stability
of prestressable conﬁgurations.
Note that if there is only one pretension state, T^n and Tn as well
as P^ and P are related by very simple formulas:
Tn ¼ Diag½L0T^nkDiag½L0T^nk
; P ¼ P^kDiag½L0T^nk ð29Þ
where Diag½L0 ¼ Diag l10    lE0½  and k  k represents the Euclid-
ean norm.
4. Examples
4.1. A simple structure
Consider a structure composed of two linearly elastic and line-
arly kinetic damped tendons, A1B and A2B, and a rigid bar, A3B of
length l (Fig. 1). The bar’s end A3 is connected to a frictionless rota-
tional joint. The bar’s rotational degree of freedom around its lon-
gitudinal axis of symmetry is ignored (e.g. the bar’s thickness is
negligible). An inertial reference frame is deﬁned in which the
nodal points coordinates are A1 : 0 L 0ð Þ, A2 : 0 L 0ð Þ,
A3 : 0 0 Hð Þ where L > 0;H > 0. Independent generalized
coordinated are selected as angles b 2  p2 ; p2
 
and
Fig. 1. A simple structure.
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its projection onto the A1A2A3 plane and c is the angle made by this
projection with the A1A2 direction.
Matrices A and A^ are
A ¼ A^
1
2l1
0
0 12l2
" #
; A^ ¼ 2l Lsbcc Hsbsc Lsbcc HsbscLcbscþ Hcbcc Lcbscþ Hcbcc
 
ð30Þ
where s ¼ sinðÞ; c ¼ cosðÞ, and l1, l2 are the lengths of A1B and
A2B,
l1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l2 þ L2 þ H2 þ 2lHcbscþ 2lLcbcc
q
l2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l2 þ L2 þ H2 þ 2lHcbsc 2lLcbcc
q
ð31Þ
Prestressable equilibria require detðAÞ ¼ 0 ðordetðA^Þ ¼ 0Þ,
which, since l > 0 and L > 0, is equivalent to
H sinð2bÞ ¼ 0 ð32Þ
Because H–0 the only physically possible solution of (32) is
b ¼ 0 (the bars and tendons must be co-planar, see Fig. 1). In this
case:
A0 ¼ l
0 0
Hcc Lsc
l10
Hccþ Lsc
l20
2
4
3
5; A^0 ¼ 2l 0 0
Hcc Lsc Hccþ Lsc
 
ð33Þ
where l10 ¼ ðl2 þ L2 þ H2 þ 2lHscþ 2lLccÞ1=2; l20 ¼ ðl2 þ L2 þ H2þ
2lHsc 2lLccÞ1=2. It can be easily seen that there is only one state
of pretension (rankðA0Þ ¼ 1) and, using the kernel of A0,
T0 ¼ PTn; Tn ¼
l10ðLscþ HccÞsignðLsc HccÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l220ðLscHccÞ2 þ l210ðLscþ HccÞ2
q
l20jLsc Hccjﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l220ðLscHccÞ2 þ l210ðLscþ HccÞ2
q
2
6666664
3
7777775
ð34Þ
with P > 0 and c 2 arc tan HL
 
; p arc tan HL
  
or
c 2 pþ arc tan HL
 
; 2p arc tan HL
  
(from the condition that
T0j > 0; j ¼ 1;2). The rest-lengths required to achieve these equilib-
ria are
r1 ¼ k1l10Tn1P þ k1 ; r2 ¼
k2l20
Tn2P þ k2 ð35Þ
Further, there is only one mechanism, provided by the nonzero
part of the kernel of AT0 and given by:
dq ¼ db½1 0 T ; db–0 ð36Þ
The tangent stiffness matrix in the conventional formulation is
K0 ¼ Km þ Kg ; where Km ¼ A0G0AT0; Kg ¼ PKP ð37Þ
Using (35) the material stiffness matrix becomesKm¼ l2
0 0
0
k1
l10
HccLsc
l10
 2
þ k2
l20
LscþHcc
l20
 224
3
5
þ l2P
0 0
0
Tn1
l10
HccLsc
l10
 2
þTn2
l20
LscþHcc
l20
 224
3
5 ð38Þ
which shows its (linear) dependency on pretension. The geometric
stiffness matrix also depends on pretension:
Kg ¼
Kg11 0
0 Kg22
 
;Kg11 ¼
Pl
l20
ðLcc HscÞTn2  Pll10 ðLccþ HscÞTn1;
Kg22 ¼ P
lðLcc HscÞ
l20
 l
2ðLscþ HccÞ2
l320
 !
Tn2
 P lðLccþ HscÞ
l10
þ l
2ðLsc HccÞ2
l310
 !
Tn1 ð39Þ
On the other hand, in the force density formulation,
T^0 ¼ P^T^n; T^n ¼
Lscþ Hccð ÞsignðLsc HccÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðL2s2cþ H2c2cÞ
q
jLsc Hccjﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðL2s2cþ H2c2cÞ
q
2
6666664
3
7777775
ð40Þ
where P^ > 0 is the pretension coefﬁcient with respect to this formu-
lation. The tangent stiffness matrix is
K0 ¼ K^m þ K^g ð41Þ
K^m ¼ l2
0 0
0
k1
l310
ðHcc LscÞ2 þ k2
l320
ðLscþ HccÞ2
2
4
3
5 ð42Þ
and
K^g ¼ P^l ðLcc HscÞT^n2  ðLccþ HscÞT^n1
h i
I2 ð43Þ
where I2 is the 2  2 identity matrix. Clearly, K^m does not depend
on pretension and the formulas for K^m and K^g are simpler than
those for Km and Kg , enabling further analytical proofs. For exam-
ple, it is easy to see that K0 > 0 if and only if K^g > 0. Further-
more, K0 > 0 if and only if c 2 pþ arc tan HL
 
; 2p arc tan HL
  
(the condition that the tendons must be in tension has been ac-
counted for). On the other hand, for the conventional formulation
it may so happen that Kg is not positive deﬁnite but K0 > 0. In-
deed, for L ¼ 3; l ¼ 1; H ¼ 0:5; c ¼ 3p2 , Kg ¼ PDiag½ 0:2325 
0:2199 is not positive deﬁnite (KP ¼ Diag½0:2325 0:2199  has
a negative eigenvalue) however K0 > 0 for all P > 0.
4.2. A tensegrity simplex
A tensegrity simplex is composed of three rigid bars, AiBi, of
equal length, l, attached to frictionless rotational joints, Ai, and
six linearly elastic and linearly kinetic damped tendons, AiBj and Bi-
Bj (Fig. 2). The rotational degree of freedom around each bar’s lon-
gitudinal axis of symmetry is ignored. A dextral inertial reference
frame {b1,b2,b3} with origin at the centroid of triangle A1A2A3, b1
parallel to A1A3, and b3 perpendicular onto A1A2A3 is introduced.
Let q ¼ ½ d1 a1 d2 a2 d3 a3 T where di, called declination, is
the angle between AiBi and b3 and ai, called azimuth, the angle be-
tween AiBi’s projection onto A1A2A3 and b1.
For further analysis consider symmetrical conﬁgurations (Fig. 3)
described by
q0 ¼ d a d aþ 4p3 d aþ 2p3
	 
T ð44Þ
Fig. 2. Tensegrity simplex.
Fig. 3. Top view of a symmetrical conﬁguration.
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A3B1, B1B2, B2B3, B3B1, the nonzero elements of A^0 ¼ A^ðq0Þ are
A^013 ¼2lbcosdcosa; A^014 ¼ lcosdð3lsindbcosab
ﬃﬃﬃ
3
p
sinaÞ
A^016 ¼ lcosdð3lsind2bcosaÞ; A^023 ¼2lbsindsina
A^024 ¼ lsindðl
ﬃﬃﬃ
3
p
sindþbsinab
ﬃﬃﬃ
3
p
cosaÞ; A^026 ¼ lsindð2bsina l
ﬃﬃﬃ
3
p
sindÞ
A^031 ¼ A^052 ¼ A^013 ; A^034 ¼ A^055 ¼ A^016 ; A^035 ¼ A^056 ¼ A^014
A^041 ¼ A^062 ¼ A^023 ; A^044 ¼ A^065 ¼ A^026 ; A^045 ¼ A^066 ¼ A^024
ð45Þ
The following result is proved using A^0 (i.e. force densities).
Lemma 1. Symmetrical prestressable conﬁgurations exist if and only
if a 2 0; p6
 
, b < l
ﬃﬃﬃ
3
p
and b ¼ 2
ﬃﬃﬃ
3
p
l sin d sina. At such a conﬁguration
there is one state of pretension characterized byT^0 ¼ P^T^n; T^n ¼ 1ﬃﬃﬃ
3
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
T^2V þ 1
q T^V T^V T^V 1 1 1	 
T ;
T^V ¼
ﬃﬃﬃ
3
p
2
ðcota
ﬃﬃﬃ
3
p
Þ; P^ > 0 ð46Þ
and one mechanism given by
dq ¼ da½ tana tan d 1 tana tan d 1 tana tan d 1 T ;da–0
ð47ÞProof. For symmetrical prestressable conﬁgurations to exist it is
necessary that detðA^0Þ ¼ 0, which leads to:
3
ﬃﬃﬃ
3
p
l6b3 b2  2
ﬃﬃﬃ
3
p
bl sin d sin aþ p
3
 
þ 3 l sin dð Þ2
h i
 ðb 2
ﬃﬃﬃ
3
p
l sin d sinaÞ sin3ð2dÞ ¼ 0 ð48Þ
Equation (48) has at most one real solution (which is double for
a ¼ p6) given by
b ¼ 2
ﬃﬃﬃ
3
p
l sin d sina ð49Þ
Since b > 0 and d 2 0; p2
 
for this solution to exist it is necessary
that b < 2l
ﬃﬃﬃ
3
p
and a 2 ð0;pÞ.
Next, (49) is inserted into (45) to evaluate matrix A^0 at this solu-
tion and investigate its properties. It then easily follows that the
determinant of the 5  5 left upper block matrix of A^0 is equal to
576
ﬃﬃﬃ
3
p
l10 cosa
ﬃﬃﬃ
3
p
sina
 2
cos3 d sin7 d sin3 a cosa which is non-
zero for a– p2 and a–
p
6 (recall that d 2 ð0; p2Þ and a 2 ð0;pÞ). Hence,
for a– p2 and a–
p
6 the rank of A^0 is ﬁve and thus there is only one
state of pretension. By solving A^0T^0 ¼ 0 it follows that
T^0 ¼ P^T^n; T^n ¼ 1ﬃﬃﬃ
3
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
T^2V þ 1
q T^V T^V T^V 1 1 1	 
T ;
T^V ¼
ﬃﬃﬃ
3
p
2
ðcota
ﬃﬃﬃ
3
p
Þ
and, since a 2 ð0;pÞ, the requirement for positive tensions leads to
a 2 0; p6
 
and P^ > 0. Note also that for a ¼ p2 or a ¼ p6 the tensions
cannot be simultaneously positive. Indeed, for a ¼ p2 using the last
row of A^0 it follows from A^0T^0 ¼ 0 that
ﬃﬃﬃ
3
p
l2ð4T^02þ
3T^05 þ 3T^06 Þ sin2 d ¼ 0, while for a ¼ p6,
ﬃﬃﬃ
3
p
l2T^02 sin
2 d ¼ 0, which
are both not possible for positive tensions. Lastly, from (49),
a 2 0; p6
 
, and 0 < sinðdÞ < 1 it follows that b < l
ﬃﬃﬃ
3
p
.
The mechanism is easily obtained from the kernel of matrix A^T0
at a symmetrical prestressable conﬁguration (i.e. taking into ac-
count (49)). This completes the proof of the direct implication.
The reciprocal easily follows. h
The force density formulation is also instrumental in proving
other important analytical results showed next.
Lemma 2. At any symmetrical prestressable conﬁguration the tan-
gent stiffness matrix is given byK0 ¼ K^m þ K^g ; K^m ¼ 14 A^0G^0A^
T
0; K^g ¼ P^K^P ð50Þ
where A^0, obtained using (49) in (45), is
K^P ¼ l2T^nT
2 0 14 ð3cð2dÞ  1Þ 
ﬃﬃ
3
p
4 sð2dÞ 14 ð3cð2dÞ  1Þ
ﬃﬃ
3
p
4 sð2dÞ
0 2s2d
ﬃﬃ
3
p
4 sð2dÞ 12 s2d 
ﬃﬃ
3
p
4 sð2dÞ 12 s2d
1
4 ð3cð2dÞ  1Þ
ﬃﬃ
3
p
4 sð2dÞ 2 0 14 ð3cð2dÞ  1Þ 
ﬃﬃ
3
p
4 sð2dÞ

ﬃﬃ
3
p
4 sð2dÞ 12 s2d 0 2s2d
ﬃﬃ
3
p
4 sð2dÞ 12 s2d
1
4 ð3cð2dÞ  1Þ 
ﬃﬃ
3
p
4 sð2dÞ 14 ð3cð2dÞ  1Þ
ﬃﬃ
3
p
4 sð2dÞ 2 0ﬃﬃ
3
p
4 sð2dÞ 12 s2d 
ﬃﬃ
3
p
4 sð2dÞ 12 s2d 0 2s2d
2
666666666664
3
777777777775
ð52Þ
A^0 ¼ l2
ﬃﬃﬃ
3
p
0 0 sð2aÞsð2dÞ sð2dÞc 2aþ p6
 
0 sð2dÞ
ﬃﬃ
3
p
2  sð2aÞ
 
0 0 4s2as2d 4s2ds2 a p6
 
0 s2dð1 2cð2aÞÞ
sð2aÞsð2dÞ 0 0 sð2dÞ
ﬃﬃ
3
p
2  sð2aÞ
 
sð2dÞc 2aþ p6
 
0
4s2as2d 0 0 s2dð1 2cð2aÞÞ 4s2ds2 a p6
 
0
0 sð2aÞsð2dÞ 0 0 sð2dÞ
ﬃﬃ
3
p
2  sð2aÞ
 
sð2dÞc 2aþ p6
 
0 4s2as2d 0 0 s2dð1 2cð2aÞÞ 4s2ds2 a p6
 
2
6666666666664
3
7777777777775
ð51Þ
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3ðT^2V þ 1Þ
q
, sðÞ ¼ sinðÞ; cðÞ ¼ cosðÞ; s2 ¼ sin2ðÞ.
(b) The eigenvalues of K^P=ðl2T^nTÞ are:
k1 ¼ 3c2d; k2 ¼ 3s2d; k3 ¼ k4 ¼ 34 ð2 cð2dÞÞ þ
3
4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ s2ð2dÞ
q
;
k5 ¼ k6 ¼ 34 ð2 cð2dÞÞ 
3
4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ s2ð2dÞ
q
ð53Þ
Maple has been used to ﬁnd (52) and (53).
Because the eigenvalues in (53) are positive for the range of d
for which symmetrical prestressable conﬁgurations exist (see Lem-
ma 1) the following important result is obtained.
Lemma 3. For any symmetrical prestressable conﬁguration the
tangent stiffness matrix is positive deﬁnite.
When the conventional formulation has been used for the tan-
gent stiffness matrix, analytical formulas for Kg , KP or their eigen-
values could not be obtained by the author, even after the
extensive use of symbolic manipulators (i.e. Maple). This shows
the clear computational advantage of the force density
formulation.
4.3. A prestressable structure not stiffened by pretension
The previous examples revealed key computational advantages
of the force density formulation. An example of a structure whichFig. 4. A prestressable, not stiff structure.is prestressable but is not stiffened by tendon pretension is given in
Fig. 4. The structure is composed of 6 rigid bars and 6 linearly elas-
tic and linearly kinetic damped tendons. The bars are connected via
frictionless rotational joints to the ﬁxed ground at A1 and A3 and
between themselves at Bi, i = 1, . . . ,4. The bars and the sides of
the square A1A2A3A4 have length l. A dextral inertial reference
frame is deﬁned with b1 parallel to A1A2 and b3 perpendicular onto
A1A2A3A4.
Ignoring the rotational degree of freedom of the bars around
their longitudinal axis, the vector q can be selected as
q ¼ ½ d1 a1 d2 a2 a3 a4 T where d1;a1 are the declination
and azimuth of A1B1, d2;a2 the declination and azimuth of A1B2,
a3;a4 the azimuth of A3B3 and A3B4, respectively (the declination
and azimuth are deﬁned in the same way as in the previous exam-
ple). An equilibrium conﬁguration can be easily found (for example
using the nodal method) as
q0¼ arcsinð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
11=
ﬃﬃﬃ
2
pq
Þ 11p
8
arcsinð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
11=
ﬃﬃﬃ
2
pq
Þ p
8
3p
8
9p
8
 T
ð54Þ
For the following order of the tendons,
A21B21;A21B31;A41B41;A41B11;B11B21;B31B41, matrix A^0 has been com-
puted using Maple:
A^0 ¼ l2
0 0 2
3
4 cos
p
8
 
234 cos p
8
 
2
3
4 cos
p
8
 
234 cos p
8
 
0 0 cot
p
8
 
tan p
8
 
tan p
8
 
cot p
8
 
234 cos p
8
 
2
3
4 cos
p
8
 
0 0 2
3
4 cos
p
8
 
234 cos p
8
 
tan
p
8
 
cot p
8
 
0 0 tan
p
8
 
cot
p
8
 
0 2 0 0 0 2
ﬃﬃﬃ
2
p
0 0 2 0 0 2
ﬃﬃﬃ
2
p
2
666666666666664
3
777777777777775
ð55Þ
It is easy to check that A^0 has rank 5 and thus there is only one
pretension state and one mechanism. The vector T^0 and the mech-
anism are, respectively, given by
T^0 ¼ P^ﬃﬃﬃﬃﬃﬃ
10
p ﬃﬃﬃ2p ﬃﬃﬃ2p ﬃﬃﬃ2p ﬃﬃﬃ2p 1 1	 
T ð56Þ
and
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p
8
 
tan p8
  1 234 cos p8
 
tan p8
  234 cos p8
 
tan p8
  234 cos p8
 
tan p8
 
" #T
; da–0
ð57Þ
Matrix K^P has also been computed using Maple:
K^P ¼ l2
23
ﬃﬃ
2
pð Þ ﬃﬃ5p
10 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
p
1
5
q ﬃﬃ
2
p
1ﬃﬃﬃﬃ
10
p 0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
p
1
10
q
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
10
ﬃﬃ
2
p
1ð Þp

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
p
1
5
q
1ﬃﬃﬃﬃ
10
p 0 1
ﬃﬃ
2
p
2
ﬃﬃ
5
p 1ﬃﬃﬃﬃ
10
p 1
ﬃﬃ
2
p
2
ﬃﬃ
5
pﬃﬃ
2
p
1ﬃﬃﬃﬃ
10
p 0
23
ﬃﬃ
2
pð Þ ﬃﬃ5p
10
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
p
1
5
q
 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
10
ﬃﬃ
2
p
1ð Þp 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
p
1
10
q
0 1
ﬃﬃ
2
p
2
ﬃﬃ
5
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
p
1
5
q
1ﬃﬃﬃﬃ
10
p 1
ﬃﬃ
2
p
2
ﬃﬃ
5
p 1ﬃﬃﬃﬃ
10
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
p
1
10
q
1ﬃﬃﬃﬃ
10
p  1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
10ð
ﬃﬃ
2
p
1Þ
p 1 ﬃﬃ2p
2
ﬃﬃ
5
p 0 12
ﬃﬃ
2
p
2
ﬃﬃ
5
p
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
10
ﬃﬃ
2
p
1
p 1 ﬃﬃ2p
2
ﬃﬃ
5
p 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
p
1
10
q
1ﬃﬃﬃﬃ
10
p 12
ﬃﬃ
2
p
2
ﬃﬃ
5
p 0
2
66666666666666666664
3
77777777777777777775
ð58Þ
Importantly, dqTK^Pdq ¼ 0, and thus in the ﬁrst approximation
for displacement, the deformation energy along the mechanism
is zero regardless of the pretension coefﬁcient value:
dqTK0dq ¼ dqT 14 A^0G^0A^T0 þ P^K^P
 
dq ¼ 0. For stability, which will be
discussed next, this is crucial because it means that the tangent
stiffness matrix cannot be positive deﬁnite, regardless of the pre-
tension level. Thus, this is an example of a prestressable structure
which has a mechanism and is not stiffened by tendon pretension
(the tangent stiffness matrix is not made positive deﬁnite by pre-
tension). See Tarnai, 1980, and Pellegrino and Calladine, 1986,
who use a similar structure composed only of bars and classify
the mechanism as a ﬁnite one.
Equally importantly, the eigenvalues of K^P are
k1 ¼ 1:3109l2; k2 ¼ 0:4966l2; k3 ¼ 0; k4 ¼ 0:1812l2;
k5 ¼ 0:3120l2; k6 ¼ 0:9438l2
and the corresponding eigenvectors
e1 ¼ 0:5249 0:1633 0:5249 0:1633 0:4448 0:4448½ T
e2 ¼ 0:6755 0:1479 0:6755 0:1479 0:1479 0:1479½ T
e3 ¼ 0 0:5 0 0:5 0:5 0:5½ T
e4¼ 0:4384 0:0844 0:4384 0:0844 0:5483 0:5483½ T
e5¼ 0:1797 0:6828 0:1797 0:6828 0:0386 0:0386½ T
e6¼ 0:2092 0:4776 0:2092 0:4776 0:4776 0:4776½ T
Because K^P has negative eigenvalues, if the pretension, P^, is suf-
ﬁciently positive the tangent stiffness matrix has negative eigen-
values, and there are deformation directions (for example e1, e2)
along which, in the ﬁrst approximation, the deformation energy
decreases. Actually, simple numerical experiments indicate that,
for example for identical tendons with kj ¼ 10; j ¼ 1; . . .6, there is
a negative eigenvalue of K0 ¼ 14 A^0G^0A^T0 þ P^K^P as soon as P^ > 0, i.e.
for very small pretension (there is another eigenvalue which also
becomes negative at a higher pretension but the linearly elastic
assumption on the tendons might be violated at that pretension
value, i.e. P^ ’ 86:5). Of course for P^ ¼ 0 the tangent stiffness matrix
is positive semi-deﬁnite with one eigenvalue equal to zero corre-
sponding to the mechanism. This example is also interesting be-
cause the mechanism is not an eigenvector of K^P associated withits zero eigenvalue. Last but not least note that, as in the previous
examples, using the force density formulation greatly simpliﬁed all
of the calculations.5. Exponential stability
The previously exposed decompositions of the tangent stiffness
matrix are very useful in deriving easy to check necessary and suf-
ﬁcient conditions for exponential stability of prestressable conﬁg-
urations, as it will be showed next. For this purpose a review of
several deﬁnitions is necessary.
Consider the autonomous nonlinear system of ﬁrst order ordin-
ary differential equations,
_x ¼ f ðxÞ; x 2 Rn ð59Þ
where Rn is the space of n dimensional real vectors. To guarantee
existence and uniqueness of the initial value problem solution,
f ðxÞ is assumed at least locally Lipschitz on its domain of deﬁnition.
Let xe be an equilibrium solution of (59), x(0) denote the value of x
at initial time, t = 0, and x(t) the solution of (59) for initial condition
x(0). The following deﬁnitions apply.
Stability: Equilibrium xe is simply stable if for any scalar e > 0
there exists 1 ¼ 1ðeÞ > 0 such that kxð0Þ  xek < 1ðeÞ )
kxðtÞ  xek < e for all t P 0.
Asymptotic Stability: Equilibrium xe is asymptotically stable if it
is stable and 1 can be chosen such that kxð0Þ  xek < 1)
lim
t!1
kxðtÞ  xek ¼ 0.
Exponential Stability: Equilibrium xe is exponentially stable if
there exist u > 0; w > 0, and 1 > 0 such that kxð0Þ  xek < 1)
kxðtÞ  xek 6 ukxð0Þ  xekewt for all t P 0.
If in the last two deﬁnitions 1 is arbitrary then the stability
properties are global, otherwise they are local.
Stability analysis of solutions of (59) is simpliﬁed if the linear-
ized equations are available. Moreover, if f ðxÞ is of class C1 in a
neighborhood of an equilibrium, that equilibrium is exponentially
stable for the nonlinear system (59), if and only if it is also exponen-
tially stable for the linearized equations. Of course proving expo-
nential stability in the linearized approximation only guarantees
local exponential stability for the nonlinear system but the result
is remarkable because only continuous differentiability of f ðxÞ is
required and because it provides necessary and sufﬁcient condi-
tions for exponential stability.
Since the linearized equations around prestressable conﬁgura-
tions are available in vector second order form (11) the following
result (Corless and Frazho, 2009, page 23) can be applied.
Lemma. Consider the linear vector second order system of N
equations,
M0€~qþ C0 _~qþ K0~q ¼ 0 ð60Þ
in which M0 and K0 are symmetric positive deﬁnite matrices and C0 is
symmetric semi-positive deﬁnite (i.e. M0 ¼ MT0 > 0; K0 ¼ KT0 > 0;
C0 ¼ CT0 P 0). Solution ~q ¼ 0 is exponentially stable if and only if
the kernel of
C ¼ rM0  K0
C0
 
ð61Þ
is zero for any r > 0, which is equivalent to the conditions that
rankðCÞ ¼ N for any r > 0.
Exponential stability of ~q ¼ 0 means that solution ~x ¼ 0 of the
ﬁrst order system, _~x ¼ Z~x obtained from (60) by deﬁning ~x ¼
~qT _~qT
h iT
where
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 
ð62Þ
is exponentially stable. This is equivalent to the condition that the
eigenvalues of Z belong to the left hand side of the complex plane
(here 0N and IN are the zero and identity matrices of size N  N,
respectively).
The Lemma yields key results summarized next.
Proposition. A prestressable conﬁguration for which M0 ¼ MT0 > 0;
K0 ¼ KT0 > 0 is exponentially stable if and only if, for every r > 0,
(a) the intersection between the kernel of rM0  K0 and the set of
mechanisms is void or
(b) the intersection between the kernel of rM0  Kg and the set of
mechanisms is void or
(c) the intersection between the kernel of rM0  K^g and the set of
mechanisms is void.Proof. (a) Exponential stability of a prestressable conﬁguration is
equivalent to exponential stability of the solution ~q ¼ 0 for the lin-
earized system around the conﬁguration, which is given by (11).
The Lemma can be directly applied. Condition (61) is equivalent
to the requirement that, for any r > 0 the intersection between
the kernel of rM0  K0 and the kernel of C0 is the vector zero. Let
w be an arbitrary element in the kernel of C0. Since D > 0,
C0 ¼ A0DAT0 P 0 and
C0w ¼ 0() A0DAT0w ¼ 0() AT0w ¼ 0 ð63Þ
Hence the kernel of C0 coincides with the kernel of A
T
0. The set of
mechanisms is the nonzero part of the kernel of AT0, and thus part
(a) is proved.
(b) The intersection in part (a) is void if and only if the only
solution of
ðrM0  K0Þv ¼ 0
AT0v ¼ 0
(
ð64Þ
is v = 0. From (18), K0 ¼ A0G0AT0 þ Kg , and thus this condition is
equivalent to the requirement that the only solution of
ðrM0  KgÞv ¼ 0
AT0v ¼ 0
(
ð65Þ
is v = 0. Hence the equivalency of (a) and (b) is proved.
(c) Since the set of mechanisms is identical to the nonzero part
of the kernel of A^T0, in (64) A
T
0 can be replaced by A^
T
0. From (20)-(21),
K0 ¼ 14 A^0G^0A^T0 þ K^g and the condition that the intersection between
the kernel of rM0  K0 and the set of mechanisms is void is equiv-
alent to the condition that the only solution of
ðrM0  K^gÞv ¼ 0
A^T0v ¼ 0
(
ð66Þ
is v = 0. Thus (c) is proved. h
The Proposition is the root of several key results obtained
observing that the rank condition should actually be tested only
on a discrete set. First, note that the only situations in which the
condition in (a) may be violated is when r is equal to one of the
natural frequencies squared, x2i , i ¼ 1; . . . ;N, deﬁned by
detðx2i M0  K0Þ ¼ 0 ð67Þ
Then the following result is obtained.Theorem 1. A prestressable conﬁguration for which M0 ¼ MT0 > 0;
K0 ¼ KT0 > 0 is exponentially stable if and only if:
(a) the intersection between the union of the kernels of
x2i M0  K0; i ¼ 1; . . . ;N, and the set of mechanisms is void
(i.e. none of the natural modes is a mechanism) or
(b) the intersection between the union of the kernels ofx2i M0  Kg ,
i ¼ 1; . . . ;N , and the set of mechanisms is void or
(c) the intersection between the union of the kernels ofx2i M0  K^g ,
i ¼ 1; . . . ;N, and the set of mechanisms is void.Proof. (a) Condition (a) of the Proposition is satisﬁed if r is not
equal tox2i , i ¼ 1; . . . ;N, because the matrix rM0  K0 is not singu-
lar. Hence condition (a) of the Proposition is equivalent to the
requirement that the intersection between the set of mechanisms
and the union of the kernels of x2i M0  K0; i ¼ 1; . . . ;N is void.
Parts (b) and (c) follow directly from (b) and (c) of the Proposition
by replacing r with x2i , i ¼ 1; . . . ;N. h
Using the matrix rank, Theorem 1 yields the following set of
conditions.
Corollary 1. A prestressable conﬁguration for which M0 ¼ MT0 > 0;
K0 ¼ KT0 > 0 is exponentially stable if and only if
rank
x2i M0  K0
AT0
 
¼ N or rank x
2
i M0  Kg
AT0
 
¼ N or
rank
x2i M0  K^g
AT0
" #
¼ N or rank x
2
i M0  K0
A^T0
" #
¼ N or
rank
x2i M0  Kg
A^T0
" #
¼ N or rank x
2
i M0  K^g
A^T0
" #
¼ N for all natural
frequencies xi.
Theorem 1 and Corollary 1 require complete knowledge of the
natural frequencies. Theorem 2 and Corollary 2, given next, do
not require the natural frequencies or even the entire tangent stiff-
ness matrix or material properties such as tendon Young modulus
and cross section.
Theorem 2. Let hi > 0 be any positive solution of detðhM0  KgÞ ¼ 0.
A prestressable conﬁguration for which M0 ¼ MT0 > 0; K0 ¼ KT0 > 0 is
exponentially stable if and only if
(a) the intersection between the union of the kernels of hiM0  Kg
and the set of mechanisms is void or
(b) the intersection between the union of the kernels of hiM0  K^g
and the set of mechanisms is void or
(c) the intersection between the union of the kernels of hiM0  K0
and the set of mechanisms is void.
Note that ‘‘the union of the kernels’’ of matrices referred
to in the above is created by considering each hi > 0, com-
puting the kernel of the respective matrix (e.g. hiM0  Kg in
a)), and then taking the union of all the kernels obtained
for all hi > 0.
Proof. The proof is similar to the proof of Theorem 1. For example
(a) follows from part (b) of the Proposition, because the kernel of
rM0  Kg is nonzero if and only if r is one of the hi and thus the
condition in part (b) of the Proposition must be tested only for
these cases. Thus (a) is proved. Likewise, (b) and (c) immediately
follow from (c) and (a) of the Proposition, respectively, by replacing
r with hi. h
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conditions.
Corollary 2. A prestressable conﬁguration for which M0 ¼ MT0 > 0;
K0 ¼ KT0 > 0 is exponentially stable if and only if
rank
hiM0  Kg
AT0
 
¼ N or rank hiM0  K^g
AT0
" #
¼ N or
rank
hiM0  K0
AT0
 
¼ N or rank hiM0  Kg
A^T0
 
¼ N or
rank
hiM0  K^g
A^T0
" #
¼ N or rank hiM0  K0A^T0
 
¼ N, for all hi > 0 solu-
tions of detðhM0  KgÞ ¼ 0.
It can be seen that, indeed, the natural frequencies are not re-
quired. Moreover, some of the tests (e.g. parts (a) and (b) of Theo-
rem 2) do not require the tangent stiffness matrix and the material
properties of the tendons. Of course, prior to the application of The-
orem 2 or Corollary 2 it has to be established that the tangent stiff-
ness matrix is positive deﬁnite, but effective application of the
tests do not require this matrix or material properties. This fact
is not visible from Theorem 1 and Corollary 1 because the natural
frequencies and natural modes used in the corresponding tests are
computed using the entire tangent stiffness matrix, which depends
on the material properties. Thus, appropriate tests in Theorem 2
and Corollary 2 can be used when exact knowledge of the natural
frequencies, the entire tangent stiffness matrix, and the material
properties is not available.
Theorems 1 and 2 and the associated Corollaries are primarily
indicated for numerical studies, when analytical formulas for the
natural frequencies, xi, or hi cannot be obtained. The next sets of
results, obtained from part (c) of the Proposition, are useful in ana-
lytical studies.
Theorem 3. Let li > 0 be any positive solution of
detðlM0  K^gÞ ¼ 0. A prestressable conﬁguration for which
M0 ¼ MT0 > 0; K0 ¼ KT0 > 0 is exponentially stable if and only if
(a) the intersection between the union of the kernels of liM0  K^g
and the set of mechanisms is void or
(b) the intersection between the union of the kernels of liM0  K0
and the set of mechanisms is void or
(c) the intersection between the union of the kernels of liM0  Kg
and the set of mechanisms is void.Proof. Part (a) follows from part (c) of the Proposition observing
that the kernel of rM0  K^g is nonzero if and only if r is one of
the li. Parts (b) and (c) follow easily from (a) and (b) of the
Proposition, respectively. hCorollary 3. A prestressable conﬁguration for which
M0 ¼ MT0 > 0; K0 ¼ KT0 > 0 is exponentially stable if and only if
rank liM0  K^g
AT0
" #
¼ N or rank liM0  Kg
AT0
 
¼ N or
rank
liM0  K0
AT0
 
¼ N or rank liM0  K^g
A^T0
" #
¼ N or
rank
liM0  Kg
A^T0
 
¼ N or rank liM0  K0
A^T0
 
¼ N, for all li > 0 solu-
tions of detðlM0  K^gÞ ¼ 0.
If there is only one state of pretension, Theorem 3 simpliﬁes to
Theorem 4 which shows that only the inertial properties and the
geometry are required to test the exponential stability of such aconﬁguration. Moreover, as illustrated shortly via examples, ana-
lytical studies are possible because the matrices involved are given
by simpler formulas than the ones used in Theorems 1 and 2.
Theorem 4. Consider a prestressable conﬁguration for which
M0 ¼ MT0 > 0; K0 ¼ KT0 > 0 and for which there is only one state of
pretension, i.e. K^g ¼ P^K^P , P^ > 0 and Kg ¼ PKP ; P > 0. Let gi > 0 be
any positive solution of detðgM0  K^PÞ ¼ 0. Then the conﬁguration is
exponentially stable if and only if
(a) the intersection between the union of the kernels of giM0  K^P
and the set of mechanisms is void or
(b) the intersection between the union of the kernels of giM0 
P
P^
KP
and the set of mechanisms is void or
(c) the intersection between the union of the kernels of giM0 
1
P^
K0
and the set of mechanisms is void.Proof. (a) From part (a) of Theorem 3, exponential stability of the
conﬁguration is equivalent to the condition that, for all li,
equations
ðliM0  P^K^PÞv ¼ 0
AT0v ¼ 0
(
ð68Þ
have only one solution: v = 0. By letting gi ¼ li=P^ this condition is
equivalent to the condition that the intersection between the union
of the kernels of giM0  K^P and the set of mechanisms is void. Parts
(b) and (c) easily follow from (a) noting that
K^P ¼ 1
P^
K0  14 A^0G^0A^
T
0
 
¼ 1
P^
A0G0A
T
0 
1
4
A^0G^0A^T0
 
þ P
P^
KP and that
the set of mechanisms is given by the nonzero part of the kernel
of AT0 or A^
T
0. hCorollary 4. A prestressable conﬁguration for which M0 ¼ MT0 > 0;
K0 ¼ KT0 > 0 and for which only one state of pretension exists is expo-
nentially stable if and only if rank giM0  K^P
AT0
" #
¼ N or
rank
giM0 
P
P^
KP
AT0
2
4
3
5 ¼ N or rank giM0  1P^ K0
AT0
2
4
3
5 ¼ N or
rank giM0  K^P
A^T0
" #
¼ N or rank giM0 
P
P^
KP
A^T0
2
4
3
5 ¼ N or
rank
giM0 
1
P^
K0
A^T0
2
4
3
5 ¼ N, for all gi > 0 solutions of
detðgM0  K^PÞ ¼ 0.
Remark that K^P depends only on the geometry of the conﬁgura-
tion (see (22) and (26)). Hence all of the gi depend only on the iner-
tial properties (from M0) and geometry. Since the mechanisms
depend only on the geometry it follows that, after veriﬁcation of
the positive deﬁniteness of the mass and tangent stiffness matri-
ces, exponential stability is determined only by inertial and geom-
etry characteristics, e.g. using test (a) of Theorem 4 and
corresponding tests in Corollary 4. Note also from (29) that
P=P^ ¼ kDiag½L0T^nk which also depends only on the geometry of
the conﬁguration.
A Theorem and Corollary similar to Theorem 4 and Corollary 4
can be obtained by simply replacing K^P with KP , however because
in general KP is given by complicated formulas their application is
more difﬁcult.
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1. Theorems and Corollaries 1–4 do not require the damping
matrix. Hence these tests are easier to apply than the classical
computation of the eigenvalues of the ﬁrst order systemmatrix,
Z, as it will be revealed in examples. Moreover, computation of
Z’s eigenvalues very rarely leads to analytical proofs of expo-
nential stability (such a proof is only possible in Example 6.1).
Example 6.2 shows that analytical proofs of exponential stabil-
ity are possible using the tests proved in Theorem 4. In addition,
it is well known that because of potential ill conditioning due to
the inversion of the mass matrix, computation of Z’s eigen-
values can be numerically expensive and unreliable, as opposed
to the simple tests proved in this article (see Examples 6.3 and
6.4).
2. Condition M0 > 0 is in general easy to satisfy by systems mod-
eled using independent generalized coordinates. For example,
two well known situations in which the general mass matrix,
MðqÞ, is not positive deﬁnite are when some coordinate trans-
formations are singular or when inertia properties associated
with some degrees of freedom are ignored. Both these situa-
tions are easy to correct.
3. Condition K0 > 0 means that the structure is stiff at the conﬁg-
uration determined by q0. There are clear situations in which K0
is only positive semi-deﬁnite having zero eigenvalues, for
example if rigid body mechanisms (or ‘‘motions’’) exist. These
rigid body motions can be easily eliminated by proper attach-
ments to the ground. There are other situations in which the
fact that K0 is not positive deﬁnite is not easily inferred and
requires some work, like in the case of the structure described
in Example 4.3. The most interesting situations are when
K0 > 0 but exponential stability is not achieved due to failure
of the tests in Theorems 1–4 (and associated Corollaries) like
in Example 6.1.
4. Because K0 ¼ A0G0AT0 þ Kg , K0 > 0 requires that Kg is positive
deﬁnite on the subspace generated by the mechanisms. If B
is a matrix whose columns represent a basis for the subspace
of mechanisms, this condition can be written as BTKgB > 0.
Clearly, this is an easy to check, necessary condition for
K0 > 0. Similarly, B
TK^gB > 0 is a very easy to check necessary
condition for the positive deﬁniteness of K0. Recall that this
last condition was violated in Example 4.3. Note also that
an easy to check sufﬁcient condition for K0 > 0 is that
Kg P 0 and the intersection between the kernel of Kg and
the set of mechanisms is void, which means that matrix
KgB should have linearly independent columns. However
Example 6.1 showed that K0 can be positive deﬁnite even
when Kg < 0 (i.e. Kg P 0 may be a strong requirement). Of
course, an alternative, easy to check, sufﬁcient condition for
K0 > 0 can be written using the force density formulation,
i.e. K^g P 0 and the intersection between the kernel of K^g
and the set of mechanisms is void (i.e. K^gB should have line-
arly independent columns).
5. Theorems 1–4 and Corollaries 1–4 provide necessary and sufﬁ-
cient conditions for exponential stability of prestressable con-
ﬁgurations. Simple sufﬁcient conditions for exponential
stability can be easily extracted. For example from Theorem 1
it follows that a sufﬁcient condition for exponential stability
is that none of the natural frequencies satisﬁes
detðx2i M0  KgÞ ¼ 0. Another sufﬁcient condition is that none
of the natural frequencies satisﬁes detðx2i M0  K^gÞ ¼ 0. Simi-
larly, if detðlM0  K^gÞ ¼ 0 and detðhM0  KgÞ ¼ 0 have no com-
mon solutions, exponential stability is inferred.
6. If the tendon damping force is given by a power law, i.e. its
magnitude is Dj ¼ djj_ljju; dj > 0; u > 0, linearization yields a
zero damping matrix if the power law coefﬁcient is u > 1.Hence, according to the Lemma, prestressable conﬁgurations
of such structures cannot be exponentially stable.
6. Examples
6.1. The simple structure
For the simple structure in Fig. 1 let m and J denote the bar’s
uniformly distributed mass and central principal transversal mo-
ment of inertia, respectively. For the prestressable conﬁgurations
analyzed in Section 4.1 it has been proved that for a certain range
of c, K0 > 0 for all positive values of pretension (see Section 4.1).
The mass matrix is M0 ¼ Diag½Jr  > 0, where Jr ¼ J þml2=4, and
the natural frequencies, easily found from (67), are given by
x21 ¼
K^g11
Jr
; x22 ¼
K^g11 þ K^m22
Jr
ð69Þ
Since K^m22 ¼ l2 k1ðHcc LscÞ2=l310 þ k2ðLscþ HccÞ2=l320
 
–0 the
natural modes are
e1 ¼ ½1 0 T ; e2 ¼ ½0 1 T ð70Þ
Thus e1 is parallel to themechanism (see (36)) and by Theorem 1
(a) it follows that these equilibria cannot be exponentially stable.
The same conclusion is easily reached using Theorem 1 (c). Indeed,
since x21M0  K^g ¼
0 0
0 0
 
the kernel of ðx21M0  K^gÞ is the entire
space of two dimensional vectors, which includes the mechanism.
Alternatively, one can use the ﬁrst test of Corollary 1 which
yields
x21M0  K0
AT0
" #
¼
0 0
0 K^m22
0 l
Hcc Lsc
l10
0 l
Hccþ Lsc
l20
2
66666664
3
77777775
ð71Þ
and, since the rank of this matrix is 1, the equilibria cannot be expo-
nentially stable. Similarly, the Corollary 1 test which uses K^g and A^0,
yields
x21M0  K^g
A^T0
" #
¼
0 0
0 0
0 2lðHcc LscÞ
0 2lðHccþ LscÞ
2
6664
3
7775 ð72Þ
and the rank of this matrix is 1, indicating that the equilibria are not
exponentially stable. The application of all of the other Theorems
and Corollaries can also be easily checked.
Another way to asses stability properties using the linearized
approximation is by computing the eigenvalues of
Z ¼ 02 I2M10 K0 M10 C0
 
. The damping matrix,
C0 ¼ l2
0 0
0 d1
Hcc Lsc
l10
 2
þ d2 Hccþ Lscl20
 224
3
5 ð73Þ
is necessary and the aforementioned eigenvalues are given by
detðk2M0þkC0þK0Þ¼0() det
k2JrþK011 0
0 k2JrþkC022 þK022
" #
¼0
ð74Þ
Since Jr > 0; C022 > 0; K011 > 0; K022 > 0, one pair of eigen-
values is purely imaginary, k1;2 ¼ i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
K011=Jr
p
(here i is the imagi-
nary unit) and the other eigenvalues have negative real parts.
Fig. 5. Two stage tensegrity structure.
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not be exponentially stable. Clearly, evaluation of stability proper-
ties using these eigenvalues requires more data (i.e. the damping
matrix) and more work than application of any of the Theorems
and Corollaries 1–4.
For completeness of this study it is important to remark that
asymptotic stability of these prestressable conﬁgurations for the
nonlinear equations of motion can be proved using a Lyapunov
function and Lassale’s invariance principle. The proof is provided
in Appendix B.
6.2. The tensegrity simplex
The previous example is simple enough to allow analytical
manipulation in the application of all the Theorems and Corollaries
1–4 and even in the test which uses the eigenvalues of the ﬁrst or-
der system matrix, e.g. (74). The tensegrity simplex example
(Fig. 2), in which each bar has uniformly distributed mass mi and
central principal transversal moment of inertia Ji, i = 1, 2, 3, reveals
the advantages of the force density formulation of the tangent stiff-
ness matrix in testing exponential stability of prestressable conﬁg-
urations. First note that the mass matrix at an arbitrary
symmetrical prestressable conﬁguration,
M0 ¼Diag½ Jr1 Jr1 sin2ðdÞ Jr2 Jr2 sin
2ðdÞ Jr3 Jr3 sin
2ðdÞ ; Jri ¼ Jiþmil
2
=4
ð75Þ
is positive deﬁnite (recall that sinðdÞ–0 from Lemma 1). The tangent
stiffness matrix at these conﬁgurations has also been proved posi-
tive deﬁnite regardless of the positive pretension level (Lemma 3).
Since at any symmetrical prestressable conﬁguration there is only
one state of pretension, Theorem 4 can be applied. For exponential
stability of such a conﬁguration Theorem 4 (a) requires that the
intersection between the union of the kernels of giM0  K^P for all
gi > 0 obtained from detðgM0  K^PÞ ¼ 0 and the set of mechanisms
is void. Because there is only one mechanism, namely dq given by
(47), this condition is veriﬁed if dq does not check K^Pdq ¼ giM0dq
for all gi > 0. If the vectors K^Pdq andM0dq are not parallel, this con-
dition is satisﬁed. Using (47), (52), and (75) one easily obtains
K^Pdq ¼ l2T^nTda a 3 sin2ðdÞ a 3 sin2ðdÞ a 3 sin2ðdÞ
	 
T
;
a ¼ 3
2
tana sinð2dÞ; da–0 ð76Þ
M0dq¼da
 Jr1 tanatand Jr1 sin2ðdÞ Jr2 tanatand Jr2 sin
2ðdÞ Jr3 tanatand Jr3 sin
2ðdÞ
h iT
ð77Þ
These two vectors are not parallel for any of the symmetrical pres-
tressableconﬁgurations, i.e. for thea andd satisfying theconditions in
Lemma 1 (a 2 0; p6
 
, b < l
ﬃﬃﬃ
3
p
and b ¼ 2
ﬃﬃﬃ
3
p
l sin d sina). This proves:
Lemma 4. All of the symmetrical prestressable conﬁgurations of the
tensegrity simplex are exponentially stable.
Another analytical proof of Lemma 4 is possible observing that
the union of the kernels of giM0  K^P is the union of the subspaces
generated by the generalized eigenvectors of the fM0; K^Pg pair. It
was possible to solve analytically the generalized eigenvalues–
eigenvectors problem for this pair of matrices. For example, if all
bars have the same properties, the corresponding eigenvalues are
k1 ¼ k2 ¼ k3 ¼ 3l
2T^nT
Jr
; k4 ¼ k5 ¼ 3l
2T^nT sin
2ðdÞ
2Jr
;
k6 ¼ 3l
2T^nT cos2ðdÞ
Jr
ð78Þand the corresponding generalized eigenvectors are
e1¼ 1
ﬃﬃﬃ
3
p
tanðdÞ 1
ﬃﬃﬃ
3
p
tanðdÞ 0 0
 T
; e2¼ 1 0 0
ﬃﬃﬃ
3
p
tanðdÞ 1 0
 T
;
e3¼ 0 1 0 1 0 1½ T ; e4¼ 
ﬃﬃ
3
p
4 sð2dÞ 12
ﬃﬃ
3
p
4 sð2dÞ 12 0 1
h iT
;
e5¼ 1
2
ﬃﬃﬃ
3
p
sð2dÞ 
1
2

ﬃﬃﬃ
3
p
sð2dÞ 1 0
 T
; e6¼ 1 0 1 0 1 0½ T
ð79Þ
Application of Theorem 4 (a) reduces to checking that the
mechanism dq given by (47) does not belong to any of the three
subspaces generated by the generalized eigenvectors in (79). This
proof, which is not difﬁcult, requires however more work than
the previous one: effectively it has to be checked that dq is not a
linear combination of e1; e2; e3, of e4 and e5, and is not aligned with
e6.
On the other hand, the classical test on the eigenvalues of the
ﬁrst order system matrix, Z, cannot be used to prove Lemma 4. This
test requires computation of the eigenvalues of matrix Z, which is
of size 12  12, and it can only be used to numerically verify the
exponential stability of certain conﬁgurations.6.3. A two stage tensegrity structure
Consider now a more complex assembly, namely a two stage
SVDT tensegrity structure composed of 21 tendons and 6 bars,
three of which are attached to the ﬁxed ground via frictionless
rotational joints, A11, A21, A31 (see Fig. 5). Stage j contains bars with
the second index j. The same modeling assumptions like for the
tensegrity simplex are made (e.g. rigid bars, massless linearly elas-
tic and linearly kinetic damped tendons). The tendons are classiﬁed
as Saddle, or ‘‘S’’ tendons (Bi1Aj2), Vertical, or ‘‘V’’ tendons (Aj1Bi1
and Aj2Bi2), Diagonal, or ‘‘D’’ tendons (Aj1Ai2 and Bj1Bi2), and Top,
or ‘‘T’’ tendons (Bi2Bj2). Note that the saddle tendons effectively
support the second stage, vertical tendons belong to the same stage
(either stage 1 or stage 2), the diagonal tendons connect points that
belong to different stages, while the top tendons close the second
stage, creating a ﬂexible ‘‘top’’ for the structure. The tendons in
each class are identical, having the same rest-length, stiffness,
and damping coefﬁcient. Each bar has length l, uniformly distrib-
uted mass m, central principal transversal moment of inertia J. A
dextral inertial reference frame {b1,b2,b3} with origin at the cen-
troid of triangle A11A21A31, b1 parallel to A11A31, and b3 perpendic-
Fig. 6. Test angle for symmetrical prestressable conﬁgurations of the two stage
tensegrity structure.
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tion, dij, and the azimuth, aij, are deﬁned similarly with the declina-
tion and azimuth for the tensegrity simplex (e.g. the azimuth is the
angle made by the projection of AijBij onto A11A21A31 with b1). The
system has 21 independent generalized coordinates: the azimuth
and declination angles of all bars and the inertial Cartesian coordi-
nates of the mass centers of the bars of the second stage (see Sultan
et al., 2001 for details).
Symmetrical conﬁgurations are deﬁned such that all bars have
the same declination, d, the vertical projections of Ai2, Bi1 onto
the (b1,b2) plane make a regular hexagon, A11A21A31 and
B12B22B32 are equilateral triangles of side length b situated in par-
allel planes. The prestressability conditions have been analytically
solved for symmetrical prestressable conﬁgurations having equal
tensions in all tendons that belong to each class (i.e. S, V, D, T,
respectively), and the solution for q0 has been parameterized in
terms of d and the azimuth of bar A11B11, labeled a (see Sultan
et al., 2001, for the formulas for q0 and for formulas for the corre-
sponding tendon forces). Matrices A^0 and K^P have also been ob-
tained in analytical form using Maple (their formulas are too
complicated to be reproduced here). Numerical experiments indi-
cated that at each symmetrical prestressable conﬁguration the
rank of matrix A^0 is 20, so there is one pretension state, i.e.
T^0 ¼ P^T^n; T^nj > 0 for j ¼ 1; . . . ;21, P^ > 0, and one mechanism, dq.
Furthermore, it has been numerically ascertained that K^P > 0 for
all of the symmetrical prestressable conﬁgurations. These numeri-
cal experiments have been conducted as follows: l and b were gi-
ven ﬁxed numerical values and the space of a and d was
discretized to cover the entire set of symmetrical prestressable
conﬁgurations. At all the nodes of the resulting grid the eigen-
values of the symmetric matrix K^P were computed to ascertain that
it is indeed positive deﬁnite (i.e. its minimum eigenvalue is posi-
tive). Thus the tangent stiffness matrix, K0 ¼ 14 A^0G^0A^T0 þ P^K^P , is po-
sitive deﬁnite regardless of the pretension level P^ > 0 (see also
Sultan et al., 2002, for alternative veriﬁcation of this fact). The mass
matrix is diagonal and positive deﬁnite, M0 > 0 (Sultan et al.,
2002), so Theorem 4 can be applied to assess the stability proper-
ties of these equilibria.
Because there is only one pretension state and one mechanism,
Theorem 4 reduces to investigating if the vectors K^Pdq and M0dq
are aligned (i.e. the angle between them should be zero), where
dq is the mechanism easily obtained numerically from the kernel
of A^T0. For this purpose the angle between these two vectors, called
the ‘‘test angle’’ has been computed. Fig. 6 shows the variation ofthis test angle over the entire set of symmetrical prestressable con-
ﬁgurations for l = 0.4 m, b = 0.27 m, m = 1 kg, J ¼ ml2=12. The test
angle is not zero hence all these conﬁgurations are exponentially
stable. Clearly, veriﬁcation of exponential stability using the test
angle is much easier to apply than traditional computation of the
eigenvalues of the ﬁrst order system matrix. For the test angle,
for each symmetrical prestressable conﬁguration deﬁned by a
and d only two matrix-vector multiplications have been necessary
to generate the vectors K^Pdq and M0dq where K^P and M0 are
21  21 matrices (moreover, M0 is diagonal), with dq provided by
the kernel of matrix A^T0 (all computations have been performed in
Matlab). For comparison, if the classical test on the ﬁrst order sys-
tem’s matrix is applied, the eigenvalues of the 42  42 matrix
Z ¼ 021 I21M10 K0 M10 C0
 
should be computed. This matrix is not
symmetric and its size is much larger than the size of matrices
used in the previous test, thus making the computation of its
eigenvalues much more expensive than all the computations in-
volved in the previous test. Moreover, the classical test also re-
quires C0, the damping matrix, material properties (i.e. tendon
Young modulus and cross section) and the pretension level, P^, for
the total tangent stiffness matrix, K0.6.4. A three stage tensegrity tower
A three stage SVDT tensegrity tower is composed of 9 bars and
36 tendons, with three bars attached to the ﬁxed ground via fric-
tionless rotational joints, Ai1, i = 1, 2, 3 (Fig. 7). The dextral inertial
frame of reference, {b1,b2,b3}, and the declination and azimuth
dij; aij for bar AijBij, i ¼ 1;2;3; j ¼ 1;2;3, are deﬁned similarly with
the ones for the two stage SVDT tensegrity structure. The SVDT
denomination is related to classes of tendons deﬁned in the same
manner as for the two stage SVDT structure (for more details see
Sultan and Skelton, 2003B). As in the previous examples, the bars
are rigid, the tendons massless linearly elastic and linearly kinetic
damped, and each bar’s rotational degree of freedom around AijBij
is ignored. The system has N = 36 independent generalized coordi-
nates dij;aij; i ¼ 1;2;3; j ¼ 1;2;3, and xij; yij; zij; i ¼ 1;2;3;
j ¼ 2;3, the center of mass inertial Cartesian coordinates for the
second and third stage bars:q¼ qT1 qT2 qT3
	 
T where
q1 ¼ d11 a11 d21 a21 d31 a31½ T
qj ¼ x1j y1j z1j d1j a1j x2j y2j z2j d2j a2j x3j y3j z3j d3j a3j
	 
T
; j¼2;3
ð80Þ
Symmetrical conﬁgurations (Fig. 8) are introduced as follows.
Triangles A11A21A31 and B12B22B32 are equilateral triangles of side
length b. The bars have the same declination, d, and are parallel
as follows: A11B11||A22B22||A33B33, A21B21||A32B32||A13B13, and A31-
B31||A12B12||A23B23. The projections of nodal points A3(j+1), B1j, B3j,
A2(j+1), B2j, A1(j+1), j = 1, 2, onto the (b1,b2) plane form regular hexa-
gons. Planes A1jA2jA3j and A1(j+1)A2(j+1)A3(j+1), j = 1, 2, are parallel,
the distance between A1(j+1)A2(j+1)A3(j+1) and B1jB2jB3j is the same
for j = 1, 2, and it is called the overlap, h, being positive if B1jB2jB3j
is closer to A11A21A31 than A1(j+1)A2(j+1)A3(j+1). Note that these con-
ﬁgurations have not yet been analyzed for three stage SVDT towers
(a particular subset of these conﬁgurations, when all nodal points
lie on the surface of a rectangular cylinder with a rigid top, has
been analyzed for prestressability in Sultan and Skelton, 2003B).
The set of symmetrical conﬁgurations can be parameterized using
the azimuth of bar A11B11, labeled a, d, and h. The corresponding
values of the generalized coordinates are:
Fig. 9. Test angle for symmetrical prestressable con
Fig. 7. Three stage tensegrity tower.
Fig. 8. Tensegrity tower symmetrical conﬁguration.
C. Sultan / International Journal of Solids and Structures 50 (2013) 2180–2195 2193aii ¼ a; dij ¼ d; zij ¼ 2j12 lcosðdÞðj1Þh; i¼ 1;2;3; j¼ 2;3
a21 ¼ a32 ¼ a13 ¼ aþ 4p3 ; a31 ¼ a12 ¼ a23 ¼ aþ 2p3
x12 ¼ b2 l2 sinðdÞcosða12Þ; y12 ¼
ﬃﬃ
3
p
6 b l2 sinðdÞsinða12Þ;
x22 ¼ b2 l2 sinðdÞcosða22Þ; y22 ¼
ﬃﬃ
3
p
6 b l2 sinðdÞsinða22Þ;
x32 ¼ l2 sinðdÞcosða32Þ; y32 ¼
ﬃﬃ
3
p
3 b l2 sinðdÞsinða32Þ
x13 ¼ l2 sinðdÞcosða21Þ; y13 ¼
ﬃﬃ
3
p
3 bþ l2 sinðdÞsinða21Þ;
x23 ¼ b2þ l2 sinðdÞcosða31Þ; y23 ¼
ﬃﬃ
3
p
6 bþ l2 sinðdÞsinða31Þ;
x33 ¼ b2þ l2 sinðdÞcosðaÞ; y33 ¼
ﬃﬃ
3
p
6 bþ l2 sinðdÞsinðaÞ
ð81Þ
Unlike in the previous examples, the prestressability conditions
(3) are much more complex and could not be solved analytically.
However using symmetry relations (81) these conditions have
been parameterized in terms of 3 unknowns, a; d and h, and have
been numerically solved for l = 1 m, b = 0.67 m using algorithms
described in a previous work (Sultan and Skelton, 2003B). Thus,
after gridding a subset of the a; d space, a set of symmetrical pres-
tressable conﬁgurations has been obtained in the a; d;h space: for
each a; d pair a single h has been obtained from the prestressability
conditions.
At each point of this set the rank of matrix A^0 was computed,
yielding rankðA^0Þ ¼ 35. Hence at each one of these symmetrical
prestressable conﬁgurations there is one pretension state and
one mechanism. Further, it has also been numerically ascertained
that K^P > 0 at each point of this set, and thus K0 > 0, regardless
of the positive pretension level. Since
M0 ¼ Diag M1 M2 M2 M2 M2 M2 M2½ 
M1 ¼ Diag Jr Jr sin2ðdÞ Jr Jr sin2ðdÞ Jr Jr sin2ðdÞ
	 

M2 ¼ Diag m m m J J sin2ðdÞ
	 
 ð82Þ
with Jr ¼ J þml2=4 wherem and J are the mass and central principal
transversal moment of inertia of any bar, then M0 > 0. Therefore,
Theorem 4 can be used to investigate exponential stability of these
symmetrical prestressable conﬁgurations. As in the two stage SVDT
example the test angle variation showed in Fig. 9 for l = 1 m,
b = 0.67 m, m = 1 kg, J ¼ ml2=12 is not zero, thus indicating that
these symmetrical prestressable conﬁgurations are exponentially
stable. Note that evaluation of exponential stability is, again, much
easier than if the matrix Z (now of size 72  72) would be used.
Actually, compared to all the other numerical operations requiredﬁgurations of the three stage tensegrity tower.
2194 C. Sultan / International Journal of Solids and Structures 50 (2013) 2180–2195in the analysis of the prestressable conﬁguration (e.g. solving the
prestressability conditions (3) or ﬁnding the mechanism from the
kernel of A^0) evaluation of the test angle is the least computation-
ally demanding.
7. Conclusions
For assemblies composed of rigid elements and massless elastic
tendons two formulations of the tangent stiffness matrix which
decompose it in a sum of two terms have been analyzed. The ﬁrst
formulation is called the conventional formulation and the second
formulation, the force density formulation. Several advantages of
the second formulation have been discussed and illustrated via
examples. First, the force density formulation is more amenable
to analytical and symbolical computations, it leads to simpler for-
mulas, and is more robust in numerical computations than the
conventional formulation. Second, when linearly elastic tendons
are assumed, the force density formulation provides a clear separa-
tion of the tangent stiffness matrix in pretension dependent and
pretension independent terms. This is not the case for the conven-
tional formulation. Hence analysis of the conditions when the tan-
gent stiffness matrix is positive deﬁnite provides stronger
conditions than when the conventional formulation is used.
The two formulations have been used in proving necessary and
sufﬁcient conditions for exponential stability of prestressable con-
ﬁgurations. The ﬁrst set of results, grouped in Theorem 1, provides
a nice kinematical and dynamical interpretation: exponential
stability is achieved if and only if the natural modes are not mech-
anisms. The second set of results, grouped in Theorem 2, provides
simple tests for exponential stability which do not require knowl-
edge of the natural frequencies or even complete knowledge of the
entire tangent stiffness matrix or material properties. Further,
Theorems 3 and 4 are amenable to analytical studies and proofs,
especially by exploiting the force density formulation for the tan-
gent stiffness matrix. Lastly, if one state of pretension exists the
conditions for exponential stability further simplify, also eliminat-
ing the need to know the pretension level.
Examples of increasing degree of complexity have been used to
illustrate how these tests can be applied, in some situations lead-
ing to analytical proofs that entire prestressable manifolds are
exponentially stable. More complex examples have showed how
using these tests can lead to much simpler tests than the
traditional test in which the eigenvalues of the ﬁrst order linear-
ized system are used. Computation of these eigenvalues generally
requires complete information of the damping, material properties,
and the entire tangent stiffness matrix. Moreover, the ﬁrst order
system’s matrix has twice as many rows and columns compared
to the matrices used in some of the tests proved herein, it is not
symmetric, and requires inversion of the mass matrix, being prone
to ill-conditioning. All these features make computation of its
eigenvalues expensive and numerically unreliable, especially for
large dimensional systems.
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Appendix A.
The ‘‘conventional formulation’’ for the tangent stiffness matrix
is easily derived from
K0 ¼ @ðATÞ
@q1
   @ðATÞ
@qN
 
0
ðA:1ÞThe j-th column of this matrix is
K0j ¼
@ðATÞ
@qj
¼ @A
@qj
T þ A @T
@qj
 !
0
ðA:2Þ
Since the elastic force in a tendon is a function of the elongation,
i.e. Tj ¼ TjðljðqÞ  rjÞ, it follows that
@T
@qj
¼
@T1
@l1
0 0
        
0 0
@TE
@lE
2
6664
3
7775
@l1
@qj  
@lE
@qj
2
66664
3
77775 ¼ GATj ðA:3Þ
where Aj is the j-th row of matrix A. Eqs. (A.2) and (A.3) lead to
K0 ¼ A0G0AT0 þ
@A
@q1
   @A
@qN
 
0
Diag½T0 ðA:4Þ
or K0 ¼ Km þ Kg , with Km ¼ A0G0AT0 and Kg ¼
@A
@q1
   @A
@qN
 
0
Diag½T0, which is the conventional formulation.
For the force density formulation of the tangent stiffness matrix,
begin with
K0¼12
@ðA^T^Þ
@q1
   @ðA^T^Þ
@qN
" #
0
¼1
2
@A^
@q1
T^þ A^ @T^
@q1
   @A^
@qj
T^þ A^ @T^
@qj
   @A^
@qN
T^þ A^ @T^
@qN
" #
0
ðA:5Þ
and use
@T^
@qj
¼ 1
2
1
l1
@T^1
@l1   
1
lE
@T^E
@lE
2
66664
3
77775
@l21
@qj  
@l2E
@qj
2
666664
3
777775 ¼
1
2
G^A^j ðA:6Þ
where A^j is the j-th row of matrix A^. Eqs. (A.5) and (A.6) lead to
K0 ¼ 14 A^0G^0A^
T
0 þ
1
2
@A^
@q1
   @A^
@qN
" #
0
Diag½T^0 ðA:7Þ
which is the force density formulation.
Appendix B.
Here it is proved that prestressable conﬁgurations of the simple
structure in Fig. 1 for which the tangent stiffness matrix is positive
deﬁnite are asymptotically stable. For this purpose consider the
following function
Vðq; _qÞ ¼ 1
2
_qTMðqÞ _qþ UðqÞ  Uðq0Þ ðB:1Þ
where UðqÞ is the potential energy of the system. Recall that
q ¼ b c½ T with b 2  p2 ; p2
 
and c 2 ½0; 2p Þ. Let q0 ¼ ½0 c T
be one of the prestressable conﬁgurations analyzed in Section 4.1
which resulted in a positive deﬁnite tangent stiffness matrix (i.e.
K0 > 0) for a certain range of c and positive pretension (see Sec-
tion 4.1). Therefore, q0 is an isolated local minimum of the potential
energy. At such a conﬁguration the tendons are in tension, so
Uðq0Þ > 0. Because UðqÞ is continuous and attains an isolated local
minimum at q0, there exists a neighborhood of q0 in R
2 onto which
UðqÞ > Uðq0Þ for all q–q0. Then, since _qTMðqÞ _qP 0, there exists a
neighborhood, called Q0, of the point deﬁned by qT0 0 0
	 
T in
R4 onto which Vðq; _qÞ is locally positive deﬁnite (i.e. Vðq; _qÞ > 0 for
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time derivative of Vðq; _qÞ along solutions of (2) is
dV
dt
¼ 1
2
d
dt
ð _qTMðqÞ _qÞ þ d
dt
UðqÞ
¼ _qTMðqÞ€qþ 1
2
_qT _MðqÞ _qþ _qTAðqÞTðqÞ
¼ _qTðcðq; _qÞ  AðqÞDATðqÞ _q AðqÞTðqÞÞ þ 1
2
_qT _MðqÞ _q
þ _qTAðqÞTðqÞ
¼  _qTcðq; _qÞ  _qTAðqÞDATðqÞ _qþ 1
2
_qT _MðqÞ _q ðB:2Þ
Using the well known fact that cðq; _qÞ can be expressed as
cðq; _qÞ ¼ 1
2
ð _MðqÞ  SÞ _q ðB:3Þ
where S is a skew symmetric matrix, (B.2) becomes
dV
dt
ðq; _qÞ ¼  _qTAðqÞDATðqÞ _q 6 0 ðB:4Þ
By Lyapunov stability theory
dV
dt
ðq; _qÞ 6 0 guarantees that the
equilibrium q0 is stable.
Lasalle’s invariance principle can be further applied to prove
asymptotic stability of q0. This principle requires characterization
of the set W ¼ ðq; _qÞ 2 Q0j
dV
dt
ðq; _qÞ ¼ 0
 
. Lasalle’s invariance
principle states that if the only solution of (2) which can stay iden-
tically in W is the constant solution, q ¼ q0, then q0 is asymptoti-
cally stable. From (B.4)
dV
dt
ðq; _qÞ ¼ 0 leads to AðqÞT _q ¼ 0 (recall
that D > 0), which is equivalent to the condition that the tendon
lengths must be constant. Note that this implies that the damping
forces must be zero and the potential energy must be constant.
Furthermore, since
dV
dt
ðq; _qÞ ¼ 0, it also follows that the kinetic en-
ergy, 12 _q
TMðqÞ _q, must be constant.
For the simple structure in Fig. 1 it can be easily proved that
there are no time varying solutions which obey these conditions.
Indeed ATðqÞ _q ¼ 0 with _q–0 requires detðAðqÞÞ ¼ 0 which results
in H sinð2bÞ ¼ 0 (from (30)). In addition the condition of constant
kinetic energy is _b2 þ _c2 cos2ðbÞ ¼ constant. These clearly lead to
_q ¼ 0. It then follows that these prestressable conﬁgurations are
asymptotically stable.References
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